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Abstract
The chain of inequalities IR(G)WP(G¯)v + 1 − WP(G)v + 1 − SW(G)v − (G) is
proved, where IR(G), WP(G) and SW(G) denote the irredundance number, Welsh–Powell invariant
and Szekeres–Wilf invariant of G, respectively.
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For graph theory terms not deﬁned see [2] or [3]. Let G be a graph with v vertices.
A set S ⊆ V (G) is irredundant in G if for every vertex x ∈ S that is not isolated in the
induced subgraphG〈S〉, there is a vertex z ∈ V \S satisfyingN(z)∩S={x}. This vertex z is
called a S-private neighbor of x. The irredundance number IR(G) of a graphG is the largest
cardinality of an irredundant set in G. See [8,10] for surveys concerning irredundance and
related concepts.
The bound IR(G)v − (G) where (G) is the least degree of the vertices of G was
proved by Favaron in [6] and apparently rediscovered in [4]. In this note, we establish the
chain of inequalities
IR(G)WP(G¯)v + 1 − WP(G)v + 1 − SW(G)v − (G),
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whereWP(G) and SW(G) denote theWelsh–Powell invariant and Szekeres–Wilf invariants
of G, respectively. The Welsh–Powell invariant [16] is deﬁned by
WP(G) := 1 + Max
i∈1..v min(v − i, dG(i)),
where 1..v = {1, 2, . . . , v} and dG(i) is the ith term of the degree sequence (the degrees
arranged in nondecreasing order).
For the complementary graph G¯,
WP(G¯) = Max
i∈1..v min(i, v − dG(i)).
In other words, WP(G¯) is the largest k ∈ 1..v such that k + dG(k)v.
Proposition 1. If G is any ﬁnite graph, IR(G)WP(G¯).
Proof. L et S be any irredundant set in G and let x ∈ S. If x is adjacent to p vertices in S and
q vertices in V \S, then v − |S|p + q since each of the p vertices has a private neighbor
in V \S. Hence |S| + deg(x)v.
Now consider the case |S| = IR(G). Then there are at least IR(G) vertices x that satisfy
deg(x)v − IR(G), so dG(IR(G))v − IR(G). Since k = IR(G) satisﬁes k + dG(k)v,
we have IR(G)WP(G¯). 
The sequence Gn = nK2 satisﬁes IR(Gn)= n and WP(G¯)= 2n− 1, so there are graphs
G where the gap between IR(G) and WP(G¯) is arbitrarily large.
The next proposition is known [1], [15, in proof of Theorem 1.10].
Proposition 2. If G is any graph with v vertices, WP(G¯)v + 1 − WP(G).
Proof. We have
WP(G¯) = Max
i∈1..v min(i, v − dG(i)) Minj∈1..v max(j, v − dG(j)) = v + 1 − WP(G),
where the equalities are from the deﬁnition above and comment following it and the in-
equality is by the next fact.
For any nondecreasing sequence (di)ni=1 of nonnegative integers, each less than n,
Max
i∈1..nmin(i, n − di) Minj∈1..nmax(j, n − dj ).
This follows since min(i, n − di) max(j, n − dj ) for 1 i, jn (Either j i or else
n − dj n − di). 
The Szekeres–Wilf invariant is given by
SW(G) := 1 + Max
S⊆V (G)
(G〈S〉).
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In [14] Szekeres and Wilf proved that (G)SW(G), where (G) is the chromatic number
ofG. The Szekeres–Wilf number is equal to the coloring number considered in [12, p. 78,7].
To prove the next to last inequality in the chain, we shall make use of the following result.
Lemma 3 (Chartrand and Lesniak [2], Theorem 8.10, p. 226). Let F be a real-valued
function on the class of all graphs, and suppose that F satisﬁes
(1) F((G〈S〉)F(G) for all S ⊆ V (G), and
(2) (G)F(G).
Then Max
S⊆V (G)
(G〈S〉)F(G).
Proposition 4. If G is any ﬁnite graph, SW(G)WP(G). Hence v + 1 − WP(G)v +
1 − SW(G).
Proof. In view of Lemma 3 and the deﬁnition of SW(G), it sufﬁces to verify that
F(G) := WP(G) − 1 = Max
i∈1..v min(v − i, dG(i))
satisﬁes conditions (1) and (2).Condition (2) follows fromWP(G)−1 min(v−1, dG(1))=
(G). For condition (1) note that WP(G) is the cardinality of the largest set U of vertices
of G such that for every x ∈ U, |U |1 + degG(x). This class of all such U’s for a given
G is closed under taking subsets and the class corresponding to WP(G〈S〉) is contained in
the one for WP(G), so WP(G〈S〉)WP(G) for any set S ⊆ V (G). 
Since SW(G) = 1 + Max
S⊆V (G)
(〈S〉)1 + (G), the ﬁnal inequality holds.
Remarks. This paper resulted from trying to calculate the irredundance number, IR(G),
for all graphsG up to 8 vertices. This number is hard for large graphs to calculate so an upper
boundwas found to be helpful. The parameterWP(G¯) had previously been easily calculated
and was noticed to be an upper bound of IR(G) for all graphs for which values were known.
Thus an empirical inequality was found and then was proved. Another empirical upper
bound for IR(G) is H(G¯) where H(G) is Hoffman’s 1970 [11] number 1 + |{k ∈ 1..v |
k − 1}| where (k)vk=1 are the eigenvalues of the adjacency matrix of the graph G on
v vertices. Hoffman and Welsh–Powell numbers are noncomparable, for some graphs we
have strict inequality one way and for other graphs the reverse. These parameters satisfy the
Nordhaus–Gaddum inequalities (vf · f¯ , f + f¯ v + 1) and some of their values may
be found at www.msci.memphis.edu/∼speeds/ under OPTIMIZATION.
Other upper bounds for IR(G), which are not so easy to calculate, are
(1) the closed open irredundance number, COIR(G) [8, p. 92],
(2) the external redundant number, ER(G) [8, p. 97],
(3) (conjectured)s(G¯) and v+1−s(G), wheres(G) is the pseudoachromatic number of
G as in [5,7,9,11,13]. From randomgraph theory,s(G¯) andv+1−s(G) are noncompa-
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rable. Values at www.msci.memphis.edu/∼speeds/papers/conpart.pdf
(ps, tex).
Prove or improve any conjectures, stated as such or otherwise, in these remarks; or ﬁnd a
counterexample. Find under what conditions a graph invariant inequality is an equality.
These inequalities were found while working on my dissertation.
Thanks to C.C. Rousseau for the encouragement to write this note and his suggestions.
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